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Abstract
In this paper, we will first derive the Wheeler-DeWitt equation for
the generalized geometry which occurs in M-theory. Then we will observe
that M2-branes act as probes for this generalized geometry, and as M2-
branes have an extended structure, their extended structure will limits
the resolution to which this generalized geometry can be defined. We
will demonstrate that this will deform the Wheeler-DeWitt equation for
the generalized geometry. We analyse such a deformed Wheeler-DeWitt
equation in the minisuperspace approximation, and observe that this de-
formation can be used as a solution to the problem of time. This is
because this deformation gives rise to time crystals in our universe due to
the spontaneous breaking of time re-parametrization invariance.
1 Introduction
It is known that the T–duality is a hidden symmetry from the spacetime point
of view [1]. However, it is possible to make the T-duality manifest by doubling
the dimensions of space [2, 3, 4, 5]. It has been observed that the T–duality
is linearly realized on this geometry, which turns out to be the generalized ge-
ometry [6, 7]. The symmetries in M-theory have also been analysed using the
generalized geometry, and in this context the duality group is related to the
U-duality [8, 9, 10]. The construction of geometric structures like connection
and curvature from a generalized metric has also been analysed [11, 12]. The
Hamiltonian constraint for M-theory has also been analysed using the general-
ized geometry [13]. Furthermore, the duality for M2-branes was also analysed
using this construction. However, it is known that M2-branes act as probes
for the generalized geometry in M-theory. Now as M2-branes have an extended
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structure, the resolution of the generalized geometry will get limited to the scale
fixed by the extended structure of M2-branes. It may be noted that the extended
structure of strings has been used to fix a minimum measurable length scale in
perturbative string theory [14, 15, 16, 17, 18]. This is because strings are the
smallest probes that can be used for analyzing a region of spacetime. Now just
as string act as probes in string theory, M2-branes act as probes in M-theory.
Thus, we do expect such a minimum scale to which geometry can be defined
to also occur in generalized geometries. It may be noted that there indications
from various other physical theories that any theory of quantum gravity should
come naturally equipped with a minimum length scale of the order of Planck
scale. It is also the existence of a minimum length scale in loop quantum gravity
that turns the big bang into a big bounce [19]. It may be noted that the energy
required to probe a region of spacetime below Planck scale is more than the
energy required to create a mini black hole in that region of spacetime. So,
even the physics of black holes can be used to argue for the existence of such a
minimum measurable length scale [20, 21].
A minimum length scale is expected to occur in most theories of quantum
gravity, and this can be used as a motivation for the generalized uncertainty
principle (GUP) [14, 15, 16, 17, 18, 22, 23, 24, 25, 26]. This also implies a
modification of the Heisenberg algebra, and a subsequent modifications of the
coordinate representations of the momentum and Hamiltonian operators. The
latter gives rise to corrections to all quantum mechanical systems, even low en-
ergy ones. A different kind of deformation of the Heisenberg algebra occurs in
a theory called the doubly special relativity (DSR) [27, 28, 29]. Apart from the
velocity of light, the Planck energy is also a universal constant in DSR. The exis-
tence of this maximum energy scale is motivated by the modification of the usual
energy-momentum relation which occurs in discrete spacetime [30], spontaneous
symmetry breaking of Lorentz invariance in string field theory [31], spacetime
foam models [32], spin-network in loop quantum gravity [33], non-commutative
geometry [34], and Horava-Lifshitz gravity [35]. It may be noted that the DSR
has been generalized to curved spacetime, and the resultant theory is gravity’s
rainbow [36, 37]. It is possible to combine the deformation occurring due to
GUP with the deformation occurring due to DSR into a single deformation of
the Heisenberg algebra [38, 39]. Apart from the one dimensional case, this de-
formed Heisenberg algebra gives rise to non-local fractional derivative terms.
However, it has been possible to deal with such terms in the framework of har-
monic extension of functions [40, 41, 42, 43, 44, 45]. One of the most interesting
consequences of this algebra is that it predicts a discrete structure for space
[38]. In fact, it has been possible to obtain similar results by using the modified
Dirac equation as well [39]. The deformed Poisson bracket consistent with this
deformed Heisenberg algebra also turns the big bang into a big bounce [46].
All this work has been done by deforming the first quantized commutation
relations. However, it is also possible to modify the second quantized commu-
tation relations. In fact, a deformed Wheeler-DeWitt equation has been con-
structed by using a deformation of the second quantized commutation relations
[47, 48]. In this deformed Wheeler-DeWitt equation the big bang singularity
is naturally avoided, as there is a minimum value for the scaling factor of the
universe. So, in this paper, we will also analyse such deformation of the Wheeler-
DeWitt equation for the generalized geometry. We will also use this deformed
Wheeler-DeWitt equation for proposing a solution to the problem of time. It
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may be noted that the modification of the quantum cosmology by loop quantum
gravity, has led to the development of loop quantum cosmology, and it has been
demonstrated that the big bang and big crunch singularities can be resolved in
this formalism [49, 50]. This is because the quantum Hamiltonian constraint of
loop quantum cosmology does not break down at the point where the classical
singularity occurs [51, 52]. The Wheeler-DeWitt equation for a universe in the
brane world model has been analysed using the mini superspace formalism, and
it has been demonstrated that this cosmological model is non-singular [53]. The
Wheeler-DeWitt equation has also been used for studding a quantum version
of the classical repulsive phase of gravity, and it was observed that this repul-
sive phase of gravity can produce a non-singular universe [54]. In this model, a
free scalar field is minimally coupled to gravity with the wrong sign, and this
produces the repulsive phase of gravity. The Wheeler-DeWitt equation has also
been used for analyzing a low-energy string cosmological, and it was observed
that in this cosmological model there exists a finite quantum transition proba-
bility between two cosmological phases, even when classically they are separated
by a curvature singularity [55]. The Wheeler-DeWitt has been used for quan-
tization of a homogeneous and isotropic universes with a perfect fluid which is
described by a generalized Chaplygin gas [56]. It was demonstrated that for this
model, the singularities can be avoided if the wave function vanishes in the re-
gion of the classical singularity. A ultraviolet modification of gravity called the
gravity’s rainbow has also been used to remove the singularities [57, 58]. The
Wheeler-DeWitt equation for gravity’s rainbow has also been studied, and this
deformation of gravity has been used to remove the singularity [59, 60]. Thus,
there are various different modifications of the Wheeler-DeWitt equation and
quantum cosmology which can be used to avoid the singularity in the universe.
As the singularity can also be removed using a deformation of the Wheeler-
DeWitt equation motivated from the generalized uncertainty principle [47, 48],
we will use this deformed Wheeler-Dewitt equation equation in this paper. It
will be demonstrated that this deformation of the Wheeler-DeWitt equation can
be used to solve the problem of time. This deformation of the Wheeler-DeWitt
equation will be motivated from a deformation of the generalized geometry by
the extended structure of M2-branes.
2 Wheeler-DeWitt Equation for the Generalized
Geometry
The bosonic part of the action for M-theory can be written in terms of an abelian
three form gauge field and eleven dimensional gravity. The action for gravity
can be written using the Ricci scalar R for the eleven dimensional metric gab.
The action for the three form gauge field can be written as a sum of the standard
kinetic term and a Chern-Simons like term. These terms are constructed using a
three form abelian gauge field Cabc. The field strength Fabcd for this three form
abelian gauge field Cabc is Fabcd = 4∂[aCbcd]. Now the action for the bosonic
part of the M-theory
I =
∫
M
d11x
√
gR −
∫
M
d11x
√
g
1
48
FabcdF
abcd
3
+λ
∫
M
ddx ηabcdefghijkCabcFdefgFhijk , (1)
where g = − det gab and η is the eleven-dimensional alternating tensor density.
It may be noted that supersymmetry can be used to fix the value of λ to be
2−73−4. The standard kinetic term is invariant under the following gauge trans-
formations, Cabc → Cabc+3∂[aΛbc]. This Chern-Simons term is gauge invariant
only up to boundary terms. The spacetime metric gab can be written in terms
of a lapse function α and a shift vector βi, if the topology of spacetime is such
that it can be foliated by a family of surfaces of constant time. Now using this
decomposition, the gravitational action can be written as
Igrav =
∫
M
d10x dt αγ
1
2
(
R(γ) +KijK
ij −K2). (2)
Here R(γ) is the Ricci scalar formed from the spatial metric γ, K, the trace of
the second fundamental form K = Kijγ
ij , where Kij = (Diβj+Djβi− γ˙ij)/2α.
Here D is the covariant derivative operator formed from γij , and dot denotes
differentiation with respect to t. The Hamiltonian constraint for the eleven
dimensional gravity can be written as
H = γ−1/2
(
πijπij − 1
9
π2 − γR), (3)
where canonical momenta πij is conjugate to γij . The kinetic term for this
Hamiltonian constraint can be written Gijklπ
ijπkl. It is also possible to define
Gijkl using
GijklG
klmn =
1
2
(δmi δ
n
j + δ
n
i δ
m
j ), (4)
So, we can write
Gklmn =
1
2
γ1/2
(
γkmγln + γknγlm − 2γklγmn
)
. (5)
Now the norm of any symmetric tensor hij at any point in space can be written
as
||h||2 = Gijklhijhkl. (6)
This will become important when we deform the geometry. It may be noted
that at the quantum level the classical constraintsH = 0, becomes the Wheeler-
DeWitt equation,
Hψ[γ] = 0. (7)
We chose natural units and set h¯ = c = 1.
The abelian three form gauge field Cabc can also be written in terms of its
purely spatial components Cijk and the components having a temporal part
C0ij = Bij . It may be noted that the field string of Cijk can be written as
Fijkl = 4∂[iCjkl], and the field strength of Bij can be written as Gijk = 3∂[iBjk].
So, the action for the three-form theory can be written as
IC =
∫
M
d10x dt αγ1/2 − 1
48
(
FijklF
ijkl − 4
α2
βiβmFijklFm
jkl
4
+
8
α2
C˙ijkGijk − 4
α2
GijkG
ijk +
8
α2
βlC˙ijkFl
ijk − 8
α2
βlGijkFl
ijk
)
+ληijklmnpqrs
(
3BijFklmnFpqrs − 8CijkC˙lmnFpqrs
+8CijkGlmnFpqrs
)
− 4
α2
C˙ijkC˙lmnγ
ilγjmγkn (8)
Let canonical momenta πijB be conjugate to Bij and the canonical momenta
πijk be conjugate to Cijk. The Hamiltonian constraint for the bosonic part of
M-theory can be written as [13]
H = γ−1/2
(
πijπij − 1
9
π2 + 3πijkπijk + γ(−R+ 1
48
F ijklFijkl)
)
. (9)
Just as strings act as probes in string theory, the M2-branes act as probes
in M-theory. The bosonic part of the M2-brane action is
I˜ =
∫
d3ξ
√
−h
(
1
2
hµν∂µX
a∂νX
bgab +
1
6
ǫµνρ∂µX
a∂νX
b∂ρX
cCabc − 1
2
)
, (10)
where h = dethµν and ǫ
µνρ denotes the alternating tensor. If we compactify
this theory, such that there are d commuting Killing vectors, then the metric
and three-form fields will be independent of Xa associated with these Killing
vectors. So, the equation of motion can be written as hµν = ∂µX
a∂νX
bgab
and ∂µGµa = 0, where we have Gµa =
(√−hgabFbµ + 1√2CabcG˜µ bc), Faµ = ∂µXa,
and G˜µ ab = 1√
2
√−hǫµνρFaνFbρ . Furthermore, we have ∂µG˜µ ab = 0, and this
equation is the Bianchi identity. In the dual description the roles of Bianchi
identities and equations of motion gets exchanged. Motivated by the equation
of motion and Bianchi identities, it is possible to define F˜µ ab = ∂µyab, and
write a generalized displacement as FMµ = (Faµ , F˜µ ab), and a generalized field
strength as Gµ M = (Gµ a,Gabµ ). The both equation of motion and Bianchi
identity can then be written as ∂µGµM = 0. The field strengths are then related
to the displacements by a generalized metric, such that Gµ M =MMNFNµ , where
[13]
M11 = gab +
1
2
Cefa Cbef , M21 =
1√
2
Ckla ,
M12 =
1√
2
Cmnb , M22 =
1
2
(gmkgnl − gmlgnk). (11)
A generalized infinitesimal line element in this generalized geometry can be
written as
ds2 =MMNdZ
MdZN (12)
where ZM = (xa, yab). Thus, the transformation yab → yab + 1√2λab, and the
invariance of the generalized line element, induces a gauge transformation of the
three form field, Cabc → Cabc + ∂[aλbc]. Now a potential term can be defined
[13] as
V(M) = γ1/2
(
1
12
MMN (∂MM
KL)(∂NMKL)
5
−1
2
MMN (∂NM
KL)(∂LMMK) (13)
+
1
12
MMN (MKL∂MMKL)(M
RS∂NMRS)
+
1
4
MMNMPQ(MRS∂PMRS)(∂MMNQ)
)
, (14)
where ∂M =
(
∂
∂xa ,
∂
∂yab
)
. Let V [H ] be the spatial part of this potential term.
Here the spatial part of the metric M is denoted by H . This potential part for
the spatial metric can be written as [13]
V = γ(R− 1
48
F ijklFijkl). (15)
Furthermore, it is possible write the kinetic part of this equation as
K = H−1/2GABCDπABπCD, (16)
where
GABCD =
1
2
H1/2
(
HACHBC +HADHBC − 2HABHCD
)
. (17)
Using this metric the kinetic part becomes
K =
(
πijπij − 1
9
π2 + 3πijkπijk
)
. (18)
So, now the Hamiltonian constraint for the bosonic part of the M-theory, can
be written in terms of the generalized geometry as
H = K + V. (19)
This Hamiltonian constraint gives rise to the Wheeler-DeWitt equation for the
generalized geometry, and this equation acts on the wave function defined on
the space of generalized metrics H .
Hψ[H ] = 0. (20)
This can be done by promoting the generalized metric to an operator and using
[HAB(Z1), π
CD(Z2)] = i(δ
C
Aδ
D
B + δ
D
A δ
C
B)δ(Z1 − Z2). (21)
This corresponds to writing
πAB = −i δ
δHAB
. (22)
So, the Wheeler-DeWitt equation for the generalized geometry can be explicitly
written as
−H−1/2GABCD δ
δHAB
δ
δHCD
ψ[H ] + V [H ]ψ[H ] = 0. (23)
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This equal to the usual Wheeler-DeWitt equation for a gravity and an abelian
three form field, if this generalized metric will be expanded in terms of the usual
metric and the three form field,
Hψ[H ] = −H−1/2GABCD δ
δHAB
δ
δHCD
ψ[H ] + V [H ]ψ[H ]
= γ−1/2
(
−Gijkl δ
δγij
δ
δγkl
+
1
9
Gijij
δ
δγij
δ
δγij
−3 δ
δCijk
δ
δCijk
)
ψ[γ, C]
+γ1/2
(
R− 1
48
F ijklFijkl
)
ψ[γ, C]
= 0. (24)
Hence, we have derived the Wheeler-DeWitt equation for the generalized ge-
ometry. However, we did not analyse the effect that the extended structure
of M2-branes will have on this generalized geometry. In the next section, we
will demonstrate that the extended structure of M2-branes will deform this
Wheeler-DeWitt equation.
3 Deformed Wheeler-DeWitt Equation
In this section, we will analyse the effect that the extended structure of M2-
branes will have on the Wheeler-DeWitt equation for the generalized geometry.
It is known that M2-branes have an extended structure, and this limited the
extent to which the generalized geometry can be probed. Now we can define
a norm for the any symmetric tensor in generalized geometry as follows, any
symmetric tensor AAB at any point in space can be written as
||A||2 = GABCDAABACD. (25)
We can use this definition of norm to say that we should not be able to probe the
geometry below a certain resolution say ∆A, as M2-branes have an extended
structure. However, according to the second commutation relations we can
probe the HAB to arbitrary accuracy as long as we do not probe π
AB . We
now want to deform these commutation relations such that we will only be able
to probe H to some mini measurable scale fixed by the extended structure of
M2-branes, ∆H ≥ ∆Hmin. Here ∆Hmin is fixed by the extended structure of
M2-branes. This situation is similar to the occurrence of a minimum length
in first quantized system, ∆x ≥ ∆xmin ≥ α0ℓPl. So, we will now formally
generalized this deformed first quantized algebra, to infinite degrees of freedom,
and thus obtain a formal expression for the deformation of the Wheeler-DeWitt
equation in generalized geometry.
Such a deformation of the first quantized algebra, deformed by both GUP
and DSR is given by
[xi, pj] = i
[
δij − α||p||δij + α||p||−1pipj
+α2p2δij + 3α
2pipj
]
, (26)
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where
||p|| =
√
pipi, (27)
and α = α0/MPlc = α0ℓPl/h¯ is the parameter measuring the strength of this
deformation. In the one dimensional case this corresponds to the uncertainty
relation given by ∆x∆p = [1−2α < p > +4α2 < p2 >], and which in turn imply
the existence of a minimum length ∆x ≥ ∆xmin ≥ α0ℓPl, and a a maximum
momentum ∆p ≤ ∆pmax ≤ α−10 MPlc. Now the momentum in the coordinate
representation can be written as
pi = p˜i(1 − α||p˜||+ 2α2||p˜||2), (28)
where p˜i = −∂i is the coordinate representation of the original momentum.
It may be noted that there exists the soccer ball problem with such a de-
formation of the usual energy-momentum relation [61, 62]. This can effect the
physics of branes spiting to form other branes, and other process which can bring
about topological change in the generalized geometry. However, as the solution
for the Wheeler-DeWitt equation in the full superspace are only formally stud-
ied, we can formally define such a deformation for field theories. This can be
done by formally taking the continuum limit N → ∞, where N is the degrees
of freedom of the system. We would like to stress the fact that such a limit is
only a formal limit, and can be used to analyse a system explicitly only in the
minisuperspace approximation. However, we can obtain information from such
a deformation even in the full superspace. This is because we can formally argue
that a deformed Wheeler-DeWitt equation should be free from singularities, in
the full superspace. It may be noted as it is only possible to analyse the solu-
tions of the full functional Wheeler-DeWitt equation formally, we do not lose
much by incorporating such a deformation. However, the advantage of using
such a deformation is that there is a limit on the resolution of fields, and hence,
this deformed Wheeler-DeWitt equation is free from any singularities. This
can be physically relevant for pure gravity, when we the three form field van-
ishes. This can have direct relevance to cosmology, if we analyse the deformed
Wheeler-DeWitt equation explicitly in the minisuperspace approximation. In
the minisuperspace approximation, the second quantized version of the soccer
ball problem becomes well defined. This is because in the multiverse, we can
define π1 as the momentum density conjugate scalar factor of a universe, and π2
as the the momentum density conjugate scalar factor of another universe. Then
it is possible to analyse the collision of these two universes using the formalism
of ekpyrotic universes [63, 64, 65, 66]. Now if this system is analysed using the
deformed second quantized algebra, and π is total momentum density of these
two universes after collision, then π 6= π1 + π2. This is the second quantized
version of the soccer ball problem, which will occur in the ekpyrotic universes
[63, 64, 65, 66]. Hence, there ekpyrotic universes cannot be studied in this de-
formed Wheeler-DeWitt equation. The soccer ball problem will also occur for
the creation and annihilation of two black holes [67, 68] or a virtual black hole
loop [69, 70]. So, creation and annihilation of black holes, or the virtual black
hole loop cannot be studied using this deformed Wheeler-DeWitt equation, even
in the minisuperspace approximation. We will not be dealing with any of these
issues, and we will be only analyzing a single universe in the minisuperspace
approximation. Furthermore, as we only want to analyse the effect of such a
deformation on generalized geometry, we will formally take the continuum limit
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N →∞, and write
[φ(x), π(y)] = iδ(x− y) + iαA(x, y) + iα2B(x, y), (29)
where
A(x, y) = ||π||δ(x− y) + ||π||−1π(x)π(y),
B(x, y) = ||π||2δ(x − y) + 3π(x)π(y). (30)
Here the definition of the norm of ||π|| has to be suitably normalized. It might be
possible to define the norm in a better way by smearing it with a distribution on
a compact support. This deformed algebra corresponds to taking the following
deformation for π(x),
π(x) =
(
1− α||π˜||+ 2α2||π˜||2) π˜(x). (31)
where
[φ(x), π˜(y)] = iδ(x− y). (32)
Thus, π(x) is the usual momentum density conjugate to φ(x), and it can be
written in the Wheeler-DeWitt approach as,
π˜(x) = −i δ
δφ(x)
. (33)
We can perform this deformation for every field, and so, we will now review
this deformation for the generalized geometry. The Hamiltonian constraint of
the generalized geometry becomes the Wheeler-DeWitt equation for the gener-
alized geometry,
Hψ[H ] = 0. (34)
This is usually done by imposing standard commutation relations. However, a
deformed version of the Wheeler-DeWitt equation can be constructed by using
a deformed version of the commutation relations
[HAB(Z1), π
CD(Z2)] = (δ
C
Aδ
D
B + δ
D
A δ
C
B)[iδ(Z1 − Z2)
+iαA(Z1, Z2) + iα2B(Z1, Z2)], (35)
where
A(Z1, Z2) = ||π||δ(Z1 − Z2) + ||π||−1GABCDπAB(Z1)πCD(Z2),
B(Z1, Z2) = ||π||2δ(Z1 − Z2) + 3GABCDπAB(Z1)πCD(Z2). (36)
Here the norm is defined as
||π|| =
√
GABCDπABπCD. (37)
This corresponds to the following deformation of π(x)
πAB(Z) =
(
1− α||π˜||+ 2α2||π˜||2) π˜AB(Z). (38)
where
[HAB(Z1), π˜
CD(Z2)] = i(δ
C
Aδ
D
B + δ
D
A δ
C
B)δ(Z1 − Z2). (39)
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Thus, πCD is the usual momentum density conjugate to HAB, and it can be
written in the Wheeler-DeWitt approach as,
π˜AB(Z) = −i δ
δHAB(Z)
. (40)
We have now deformed the second quantized system, and so this deformation
will limit the resolution of generalized geometry to ∆H ≥ ∆Hmin, and hence
the fields cannot be resolved below this limit, which is fixed by the extended
structure of the M2-branes, which are used as probes in generalized geometry.
Now we can neglect the effect coming from the three from field and ap-
proximate this system using general relativity. If we also neglect the effect of
compactification from eleven dimensions to four dimensions, we can write th
deformed Wheeler-DeWitt equation for the general relativity as
Hψ[γ] = 0, (41)
where γ is the metric in our universe. In this expression, we can used th following
deformation,
[γij(x), π
kl(y)] = (δki δ
l
j + δ
l
iδ
k
j )[iδ(x− y)
+iαA(x, y) + iα2B(x− y)], (42)
where
A(x, y) = ||π||δ(x − y) + ||π||−1Gijklπij(x)πkl(y),
B(x, y) = ||π||2δ(x− y) + 3Gijklπij(x)πkl(y). (43)
This again corresponds to a deformation of π(x) by higher functional deriva-
tive terms. It may be noted that this deformation will prevent the occurrence
of singularities in the deformed Wheeler-DeWitt equation. Hence, we can for-
mally argue that in the deformed Wheeler-DeWitt equation for gravity, there
is a minimum value to the resolution of the metric, ∆γ ≥ ∆γmin, and so this
equation should not have singularities. As we can only analyse the Wheeler-
DeWitt equation formally in full superspace model, we will use minisuperspace
approximation to analyse this non-singular Wheeler-DeWitt equation explicitly,
in the next section.
4 Problem of Time
In this section, we will analyze a minisuperspace approximation to the deformed
Wheeler-DeWitt equation. We will analyse a simple model to demonstrate how
the problem of time can be solved using such a deformed Wheeler-DeWitt equa-
tion, and this formalism can be applied for analyzing the deformation of any
cosmological model. We will consider the universe to be filled with a vacuum
energy density, and this dominates the universe during inflation and during the
late time evolution of the universe. However, we will also include the contribu-
tion coming from from radiation, as the universe after inflation was dominated
by both radiation and vacuum energy. As these are the most important phases
in the evolution of the universe, we will analyse a universe filled with vacuum
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energy and radiation. Furthermore, in this paper, we want to demonstrate how
the deformation of the Wheeler-DeWitt equation can be used to solve the prob-
lem of time, and the Wheeler-DeWitt equation for such a universe is very simple,
and so we will analyse this cosmological model in this paper. Now consider a
closed universe filled with a vacuum of constant energy density and the radia-
tion, ρ(a) = ρv + ǫ/a
4, where ρv is the vacuum energy density, ǫ is a constant
characterizing the amount of radiation, and a is the scale factor. The details
properties of ρ(a) will not be important for the main result of this paper, and we
could have used a slightly different kind of cosmological model for this analysis.
We can write the Friedman-Robertson-Walker metric as follows,
ds2 = −N2dt2 + a2 (t) dΩ23, (44)
where dΩ23 is the line element on the three sphere. It may be noted that we
have considered K = 1, and a similar solution could be obtained for K =
0,−1, however, the main aim of this paper is to demonstrate how the problem
of time can be solved for a simple cosmological model, so we take K = 1.
Using this metric, the Lagrangian for this closed universe, in the minisuperspace
approximation. can be written as [71],
L = − 3π
4G
aa˙2 +
3πa
4G
− 2π2a3ρ(a), (45)
The equation of motion obtained from this Lagrangian, can be written as
− 3π
4G
aa˙2 − 3π
4G
a+ 2π2a3ρ(a) = 0. (46)
We can also calculate the Hamiltonian from this Lagrangian,
H = − G
3π
π2
a
− 3π
4G
a+ 2π2a3ρ(a). (47)
Now we impose a deformed commutation relation for the momentum operator,
and hence, write the deformed momentum operator for this minisuperspace
model as
π = π˜(1− α||π˜||+ 2α2||π˜||2), (48)
where π˜ = −ida/da. Therefore we get
π = −i
(
1 + iα
d
da
− 2α2 d
2
d2a
)
d
da
. (49)
Now we can write the deformed Wheeler-DeWitt equation as follows,
G
3π
d2ψ(a)
da2
− 2αi G
3π
d3ψ(a)
da3
+M2(a)ψ = 0, (50)
where M2(a) = 3πa2/4G + 2π2a4ρ(a) and k2(a) = 3πM2(a)/G. It may be
noted that it is important to study the stability of such a system, however,
we assume the coefficient of the deformation to be small enough not to make
the system unstable. Furthermore, there seems to be no problem with the
solution of the Wheeler-DeWitt equation involving higher derivative corrections
[72]. Hence, we will analyse the consequences of the solution of this deformed
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Wheeler-DeWitt equation. It may be noted that this modified quantization is
consistent with the following uncertainty relation,
∆a∆π = 1− 2α < π > +4α2 < π2 > . (51)
This implies the existence of a minimum scale factor for the universe ∆a ≥
∆amin, and so, the big bang singularity is naturally avoided in this model [47].
It may be noted that even though we were able to formally argue that the
deformation of the Wheeler-DeWitt equation would eliminate singularities, we
have now demonstrated this explicitly in the minisuperspace approximation.
Now assuming ψ = exp(ma) we get
m2 − 2iαm3 + k2(a) = 0. (52)
The solution to the leading order in α, can be written as m = {ik′,−ik′′, i/2α},
where k′ = k(1 − kα), and k′′ = k(1 + kα). So, we can write the solution for
this equation as
ψ = Aeik
′a +Be−ik
′′a + Ce−a/2α, (53)
Even though the date from type I supernova indicates that our universe is
an accelerating in its expansion [73, 74, 75, 76, 77, 78], there are predictions
from string theory that the era of rapid expansion might only be the first era
in the evolution of our universe [79, 80, 81, 82]. This is also consistent with
predictions from loop quantum gravity [83, 84], where it is shown that the era
of accelerated expansion will be followed by an era of contraction. It may be
noted that unstable geometries can mathematically decay into bubble of noth-
ing, which contain neither matter nor spacetime [85, 86]. This mathematical
structure where neither matter nor spacetime is present can be viewed as a third
quantized vacuum state [87, 88, 89, 90]. We can also add non-linear terms to the
Wheeler-DeWitt equation, and in that case the universes can get created and
annihilated in the third quantized formalism, just as the particles get created
and annihilated in the second quantized formalism [91, 92, 93, 94, 95]. Even
though we cannot use the deformed Wheeler-DeWitt equation for analyzing the
full process of the creation and annihilation of the universes in the multiverse,
but we can use this formalism to motivate the boundary conditions for our
universe, in the second quantized formalism. Thus, motivated from all these
models, we can impose the following boundary conditions on the wave function
of the universe, ψ(a0) = ψ(a0 + δa) = 0. This corresponded to the creation of
the wave function of the universe from nothing and its subsequent annihilation
into nothing. Another possibility for this boundary condition is the formation
the universe because of a tunneling process [96, 97]. Furthermore, the universe
could be formed around a metastable vacuum state, and hence can tunnel to a
true vacuum state [98, 99]. This will correspond to a spontaneous annihilation
of all structure in the universe, and hence justify our boundary conditions. So,
implementing the boundary conditions for the initial state of the universe, we
obtain,
Aeik
′a0 +Be−ik
′′a0 + Ce−a/2α0 = 0,
Aeik
′(a0eδa) +Be−ik
′′(a0eδa)
+Ce−a/2(a0eδa) = 0. (54)
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Now we let C = 0, so, we can write
A+B + C = 0,
Aek
′δa +Be−k
′′δa + Ce−δa/2α = 0. (55)
Thus, we obtain the following result,
ψ = 2iA sin(ka) + C[e−ka + e−k/2α]
+αk2a[iCeika + 2A sin(ka)]. (56)
Next implementing the boundary conditions for the final state of the universe,
we obtain,
2iA sin(kδa) = |C|[e−kδa+θc − ei(δa/2α−θc)]
−αk2δa
[
i|C|e−i(kδa+θc)
+2A sin(kδa)
]
, (57)
cos(δa/2α+ θc) = cos(kδa+ θc)
= cos(nπ + θc + ǫ), (58)
from which it is easy to show that
δa = 2nπα. (59)
This shows that the universe evolves by taking discrete jumps rather than
in an continuous manner. Thus, in this model of the universe, there exist finite
expanding bubbles, each bubble representing a point in the evolution of the uni-
verse. These bubbles appear and disappear after some δa, thus effectively give
time a discrete structure. It may be noted that we have not demonstrated that
the fundamental structure of space or time has to be discrete in quantum grav-
ity, but that the effective cosmological time has to be discrete, and this happens
due to the appearance and disappearance of finite bubbles representing a point
in the evolution of the universe. However, this can be effectively used to solve
the problem of time in cosmology. This is because the general relativity is time
re-parametrization invariant, and so the time translation are similar to gauge
transformation. Thus, it is not possible to distinguish between the past and the
future wave functions of the universe, and this is the problem of time in quan-
tum gravity, which also occurs in cosmology [100, 101]. It may be noted that
there have been various proposals made to define an intrinsic clock in quantum
gravity [102, 103, 104, 105, 106], and one of the most interesting proposals for
such an intrinsic clock is to identify the evolution of the scalar factor of the uni-
verse with this intrinsic clock measuring time [107, 108]. Thus, it is possible to
use the expansion of the universe as a clock in cosmology. However, the problem
to differentiate between different points of the evolution of the universe still ex-
ists due to the time re-parametrization invariance of general relativity. So, only
by breaking the time re-parametrization invariance of general relativity can the
problem of time be solved in cosmology. Thus, in this paper, we have also im-
plicitly identify the evolution of the scalar factor with the intrinsic clock of the
universe. However, the advantage of this present analysis is that there is a well
defined notion of such a evolution, as the universe takes discrete jumps, and the
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time re-parametrization invariance is broken between such discrete jumps. So,
as the universe evolves by taking discrete jumps, such that the time steps are
all distinct. It may be noted that time re-parametrization still holds between
two points separated by distance 2πα. Thus effectively, the universe acts like
a crystal in time. It may be noted that the formation of time crystals in the
Wheeler-DeWitt equation occurs due to a combination of the boundary condi-
tions, and the deformation of the Wheeler-DeWitt equation. Even though we
have explicitly demonstrated the formation of time crystals in minisuperspace
approximation, the formation of such crystals can solve the problem of time in
full superspace Wheeler-DeWitt equation. This is because for any system with
time re-parametrization invariance,
Hψ[x(t)] = 0, (60)
where H is the Hamiltonian of the system. Such a situation even occurs in
condensed matter physics, where the system is time re-parametrization invari-
ant. However, for such condensed matter systems, the time crystals have been
used to break the time re-parametrization invariance, just as spatial translation
is broken in regular crystals [109, 110, 111, 112, 113]. This gives rise to an
effective time t =
∑
i∆ti for such systems. So, this system evolves by taking
discrete jumps ∆ti,
x(t)→ x(t+∆ti). (61)
However, for time intervals much greater than ∆ti, we can effective write the
Schrodinger equation
Hψ[x(t)] = i∂ψ[x(t)]
∂t
. (62)
Such systems have also been studied in condensed matter physics. In fact, such
time crystals have been studied for superconducting rings which are time re-
parametrization invariant, and hence, have no explicit time evolution [109, 110,
111, 112, 113]. So, before the spontaneous breaking of time re-parametrization
invariance to form time crystals, it is not possible to define time evolution of
such systems. However, the spontaneous breaking of time re-parametrization
invariance gives rise to an effective time evolution for these systems. Now we can
repeat this process for the full superspace Wheeler-DeWitt equation. Now due
to time re-parametrization invariance, the Wheeler-DeWitt equation for general
relativity can be written as
Hψ[γ(t)] = 0. (63)
However, if the time re-parametrization invariance is broken for spatial geome-
tries separated by time ∆ti, then the three geometry evolves by taking discrete
jumps ∆ti,
γ(t)→ γ(t+∆ti). (64)
Now for large time intervals, the Wheeler-DeWitt equation for general relativity
can be effectively written as
Hψ[γ(t)] = i∂ψ[γ(t)]
∂t
. (65)
Thus, we have shown that the deformation of the second quantized commutation
relations lead to the formation of time crystals in the deformed Wheeler-DeWitt
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equation, and this in turn solves the problem of time. This is because an effective
time t emerges in this model due to the breaking of time re-parametrization
invariance.
5 Conclusion
In this paper, we first derived the Wheeler-DeWitt equation for generalized ge-
ometry which occur in M-theory. We then observed that as M2-branes have
an extended structure, and they also act as probes for this geometry, so their
extended structure will limit the resolution to which this geometry can be de-
fined. We thus obtained the Wheeler-DeWitt equation, which was deformed to
incorporate the existence of such a minimum resolution scale for the generalized
geometry. We also analysed such a deformation for general relativity by ne-
glecting the effects coming from three from field. We analysed the cosmological
implications of such an deformed Wheeler-DeWitt equation. We analysed the
solutions for this deformed Wheeler-DeWitt equation in minisuperspace approx-
imation for a closed universe filled with a vacuum of constant energy density
and the radiation. The deformation of the Wheeler-DeWitt equation caused
this universe to evolve by taking discrete jumps rather than as a continuum.
Thus, this deformation naturally gave rise to time crystals, which broke the
time re-parametrization of the original theory. This in turn was used to propose
a solution for the problem of time in quantum gravity. We also analyze the
implication of this breaking of time re-parametrization for the full superspace
Wheeler-DeWitt equation.
Then, a deformed Wheeler-DeWitt equation was constructed. It would be
interesting to analyse the effect of this deformation of the Wheeler-DeWitt equa-
tion on various physical systems. It has been demonstrated that there is an
explicit correspondence between Wheeler-DeWitt equation and covariant for-
malism of quantum gravity [114]. It would be interesting to investigate the
effect this deformation of the Wheeler-DeWitt equation will have on the covari-
ant formalism of quantum gravity. The Wheeler-DeWitt equation has also been
used for analyzing the quantization of black holes [115]. It is known that the
phase space of gravity for non-compact spacetimes cannot be properly defined
without taking the boundary degrees of freedom into consideration. So, the
Hamiltonian formulation for the surface terms has also been taken into account
for analyzing the quantization of black holes. This formalism has been used to
analyse the thermodynamics of black holes. It would be interesting to use the
deformed Wheeler-DeWitt equation for quantizing black holes, and discuss the
effect of such a deformation of the Wheeler-DeWitt equation on the thermo-
dynamics of black holes. The results of this paper can be used to motivate a
GUP like modification for time. This will in turn deform the Hamiltonian for
all quantum mechanical systems. In order to do that, we will need to take time
as an observable, e.g. with reference to the evolution of some non-stationary
quantity [116, 117, 118, 119, 120]. It may be noted that such a deformation for
the classical field equation for quantum field theory has been analyzed [40, 41].
It would be interesting to analyze such systems, and calculate the effect on
various physical processes. It is also possible to analyze different deformations
of the generalized metric. In fact, a deformation of the spacetime metric has
been performed using extended conformal transformations [121]. It would be
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interesting to analyze such a deformation of the generalized metric, and analyze
its consiquences. It is possible to study Noether symmetries in minisuperspace
models, and use them to obtain selection rule to recover the classical behavior
[122]. It would be possible to study the Noether symmetries for this deformed
minisuperspace model and use it to obtain similar selection rules.
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